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.4, G"’"“'\’ serigs,  Solwable gronps
Lf o guup is nt o simple. gp , We neod 4 decompose i into zwmial
Subgrop ard the cmespording guotiek grup . If the nomal sbgrop (512

S
still
Simgle, this process can be hept . This generdles a series o npmmal

Swhgwwps .

Definckion : |Normal serieg]is o finite series of Sibgnugs of
G| G=G,pG D G= {ef, (b’ weans the grup onthe
RHS is a hymal Subgnmp on the LHS), Gif G is called the factn
0':{ the SOries, i-e. o qwotient growp  iz1, 2, -+ S, The lmzfﬂt of-sz
the| oomal eries is 87, e the # of factivs,

Egrgle: @ $4 D Ag B> Bo >fo) is a lngth 3 noymal series
o S

Comment : in tha point gnop language. Sa is Td (the full symmetiy
Guap o o tetrahadad with a4 eloments), Ay is T (e propor
Sym |operatims of o tetrmhadral), By is the Kloin gnp (Do),

@ Sy D By O {0 is a bugth 2 nomal series,

Co s w, {{lz)(g,q)-, ( 55(24), (14)(23)}, By I
- XUIS), (132), (12 ‘-l-')’ (i 42) ,(134), UQ})’ (2.34), (243) } % Aq

fu2), (34), U3),(24)y (1), (B3) §
fU234), (3e2), (1423), (1324),U432), (1243)}




In|both serias, the factin grmps ave hot aJ«wO-gs s';mfle.

e &owle_ : Ba b{w}’—) B, / {0y = B, amal By is not Smple.
S, DBy —> S4/By = S35 and Shis not single.

This is Gke that we do not empldaly factrize, anol we Shodal
fupther vefine A, wbid every foctor group is alreasly simple. Then
e amive the cumPos{i'a Serie8.

Neto: hovmal Subgronps do nst have Fansitividy, Lor examgle,
Ay B B> Co, bt Gois NoT a nvmnad Subgrmep v—f Ag.

TLM we k:we: gq. > Aq B> Bq- >G b {\('U} ]

Cy Oy (6 183 & j?ac'tn- groips

 The amgosite Series of a finide g moy not be wrignt. e ha
the wa&wrrg Juordan - Heloler hevrem:

\ﬁnj Zive o/mfosifa Series aje a _fw:& 3!«»‘»\17 ore I'Smnwr hic .

, > C B> 2 W
Q/xamf)le. s - vv-i 3 ~ Bsth are Wwih Sexies
Ly Gy
03? Ce, Their Sets 0?5)-
@ C6 D Cz D {U)‘k
VAN — e — —fad}n Groups  axe the Same
e

uj)‘t a Fe/rmM:t'a:tm
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Defitin: 1§ 0 momel Series of g G,
Gz GsD G b - - G-_—,.f('e).k, Satisfies fhat

L Gin /G;'s are Abliean gvps ten G s calledd a Solirable

WP angl Hus Series s called a Solirable series.

All Abelizcon gonps  are Soliramle

9, and S, are Wbrable : S35 G & fei,

S, & Ay & Be >{e}.
New - abeliomn simple grups ave not Solvable .

o exnanple: As : 1 eosahedyrom Jrowp
& ®

{ (68, 11, (0GH; (1HEY, WES), UNFEB);
U Y, (9@, ass); U5)@N, U5)QY), 05)6Y);

(23) (48), @4)(38), (A} 3 (3)C) /2 :@

13¢ 1643
f U23), 132)5 G28), U4 UAHUFDC )0 I3 Uss) U53);

(145) 5 (154)3 {234),283); (235), (a83); (243), (234)3 (343), (sstp} g
(5= @9
(12345), ORARKR)

'\F%m-tau&mofzzqr } 4 :

6o - elomentS
As does nst howe nm-Trinrtal WQ“J"&”“?—?' Imnf‘-aﬂg,

As is sim,fle_ |




| |
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e When n=5, Sn is mt Solrable.

s The %,_-:tuy growps e f the ol Serles o{ a Solvable gm
ore all Sodvable.

* Thawem ;3 G is o Sobmable finite gron, Then G has @

CW’\:YDSttﬂ, SerieS Such tat ewevg :Factlr goup, its avoler (S O-
L P\f":hfw. number-,

Pres

ff: Qinee G is Solvable, i+ has a solrable nrmal series

Ge= G'O‘DGID"" @5={'Le’}’ Wgw“fd'l G.:—:/GfSM
Abedian groep If its oo is @ omfosite mumber R T, “then
it has a Subarop H, whose orlon is a factor of Gi-i/ G Thi

Can be Showm as fauuwg PtckaM element a € G;n/@ andk comsiolest

: the OaCL\C. 8-!'0'»1) 82&\'74‘4‘1.'0.»( bclj {CL'“} --m, Jf m<n, then {'a,k} (S
Oksu/'ogmrv\.f of Gia/G, and mis afui'w a:f n, l-f-rn:n, assume,

M= N, Hen Switch the awa?&r = A a."', oral Check the caczﬂ’c

Growp {(a"l)ﬁ}‘ B=1,.-n,<n, Sine Joups are Abelion, o H i

CLMMS%&M-. Then we can addl H, it

Giw D H B Gy, anl Resp o repesting B process,

intlL each fadfﬂ gowp i S at the prime ovolon~, 7.0

Go DG G, - - - Ge> e}

A~ L e oy s
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&/G12Cp, Cpa Cog
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bt the Solwb:&;ftj of p-gps  (p-prime Muomber )

| A p-grep S that W:s a power of P, i.e.

“the o*rd.wa:]‘.’.
{a&}. k= 0, 1,2, « ~~ P“-I " g a P’!'—wo‘!x%c‘(-t'c %mu,‘o_

P:ﬂum eloments can howe d.iffewd aoroler$,

p- graps cam be difforent ax the Same ovolor
D, and . G, ave orolor 4, — Ablicon P-msamecdo&-(pr}m
Dy amd Q@ ( puatornivm grwp) ove wdor &. (nm'a'b@(.{ﬂln“

A f-;‘n'\iﬂ. %ner 1 8 F- g:an =§]( s vvolo~ i s Pn'.

n=i, p-oroler Cacﬂic growp ;
n=a. G®Cp, its also Abelian.

A f;n;:b; P~ growp has a nobriviad Center Z,

i |

q

e

Onsidor Pn_ 8_@%-,;&3 ceitor 18 densted as Z ., lf Z is the
Same. Qs FH_W‘ Then s alxeaoly Abelian, hence, Solvakle.

anﬂ V:F Pn—&: which s SOIVa'bIe- . ..“‘_5 C Y clvinklo

Al finite p- grmps ore solvable. . —\
prov ”3 idwckim: © n=1, p-th oolor ogolic grup
it’s of Cowrse Solvable

3

@ Aswe o P evalew Grups are Solvable . Then

ht, assum Z's mvolor Pk- U'Sﬁ_‘-_‘h-l) Han G/Z_ (S the
| which is golvable
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A?Pﬁnx‘llxmrem the alfu-rmihé Groups An are sini\szs when K=E
me; An is the nomal subgnup of Sy, only amtaining even Pwmuﬂfl/ﬂ
we assume @ noymal Q“J’S"’“f o§ A donsteol as H, which is hot fw},
we| prove that it must be An itself,
Je express evewy permuteckivn in H as Pwoluc:fs of votectims otthoct
orlopping eloments, S0y, (120638 . Amomg thom , we pick up e r:w;t -
wirj changas the Smallest amgunt of numbers, anol denite it as .
T

—

'
i

—_

&t - (oot -~ ) (B B P -+ V) Ehem Wk (BP0 The vo

Henae, hhos lugth {8 reoluceol !

¥ = (ool 2, - - Te)(e-+) . Gmsider an even perructation §= (choh

n ;h,.' Sa:ﬂu’sfies the 5oU_m0n}f P\-o}verh’es
) The dongbhs o wotutims in h must be the swmes Other wise,,

(oh-- o) &‘safpeus, but other rotatioms “sz'ﬂxe Same. -Layg:ﬂns
TLeingch o§ each wtatim camnot be (Wﬂm 4, Obwrwise

An, andl alcwlate h,= § [.LS": ?

L LA

oaoly oy &y - - de ol 0/3 ¥g O, A 02

o5 Olg Oy

177 ¢} CO«LCUJAtQ "LI h-l= ? h’l:- (O/z_o?; 029_31...5{0(‘) %

oy ofy 3004 B - W2

RE (d' e Nk X °“*)-_- Coh o3 %) o Aongh -3

(ozl o3 &4)(&.01,_&,@43; g )(daot#o),i,z) - (ol. o g o P - :5) oaL.
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i) h can a-dﬁ be a sinfe votatun mﬂz\u-ﬁln a Pmaﬁuri vjz
@) if his o puduct of tin longthHwo rtatins, goy,
h= (0,@,) (0304) , e fake §= (a;a, Q) € An, then

! -~ & 1 t 2 _ .

Iha = (Gaa) @2)EE (aera ) = (Ga) (G2
e R e R s a)

€H
hence (a. Q.S’Qz) €H . amol it du:u\gas H‘LYE-Q Dbjeds Less thah h'

This is a cotradiction,
Ub) if his a Fwo'.uv(:of Hiwo Wﬂh-ﬂm rotoation -
h’ (.Gla;a,) Laqas'ﬂé) , e ‘ake 3:'(0.; Q; Q) ,—Us.w

-1, o ja Qs Q Qs a.Q Q Q, Q405"
TR (a0 (aasa) (o o o) (aaa G o) Cavaran,

al al Q‘s- a3 aq_ . ' . l
= : — wb‘l'—g hototin | Less cbject mrv«quen@.
(a,_ Qs @y O m) il o A i

= in Summu;j, “h can only be a Single rotation o Longths i
orOuee , Sine his an aen Pemwbuﬁm, hence, his a ntatin
of Dength=3, Ginca H 18 @ normel Subgrup, honce
H cotaims oll -ﬂwg&—s hfi‘cd:t’_unsi (

Cer Buony portumalation Com be vepresotaud as products of - erchangls,and
evMPem»:taﬁm ore exymsseol as even $’s of exchanges: q=1t; - --EH{-“
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# 'l'.":—'tz = 'h'ta_'-'f(,l)}
'\f 'l?|,'(':. SLMQOA_Q, ‘% : it ('dP)(g )= (o arﬁ)
LEP
if 'h,'(‘z. have ho Cuomumem %’S, 4t = (,,g(g.)(h;’): ( ,)(a.é‘o,)

@, all the longth -3 wtations genorate An |






