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3 Mwe on (alois Growps

~ &) FRudamented thesrem u’je Galois extenstow
Galois grp of oneuation fouy=0 defined on e futd F, Its vt

fistd o5 N. Then Gal(N/F) = {06 At | Ve F, o@=a s
N  Now omsider M is anermal extonsion of F, anal i
(D also a novrmal exten Sien #M'(&Mwﬁf&w

extonsion frmﬂxefuot/\-&. Blamlanegmiimdojc-‘m-(
mA,h}mecrfus wots . s in B, then alr(cfiis yrot

are in B) We can define. Gol (N[M) ond Gal M[E). Then Wwhat?s
te velak in Qmomy these twee Galois groaps 7
(%) 1£ 0 € Gal(N[F), thn CM)= M, i-e, YaeM&E) ola)eMm
P,.,.,f: D) {faef, then 0@ =G EM. IfadF and a &M, and
assume that “a' satisfies Jx)= O defimed on F | Then 0(30)=glgtx

N

Because M ;s a normal extensim £ F, hencg O(Q) EM.

Grpersly, i£ 6w em, > Gl(otm)=0cMm,
Commarck s This is e Veason why we ore intorzstod in nymal exctensio
For enample, Cpgioley X>-2= 0. QGE) ;s net a mrmal &xfension),
stice 37 w and 3k w' are not included . Then N= QCAE, w), there

~ ewists o e Gl (IN/Q) , which does ot 4@,‘, AGz ) twawiont,
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D remember VO‘EG‘JCN/Q) it has Olw) = W, o» g(w)= LO I\MQ

it Leowresg imwlawt l
/Q"w\>

® | e pwve Bt G N/M)is o hgymal Quba,m.f)af Gl (N[ TF),
Lot>s denete H = Gal(N/M), apparently H C Gal(N[E), Gmsloler an
oppotin hGH ardl ansther eloment § € Gal(N/F), We

&mswluh g hg. Take V& €M, then sine §(@) €M, we have
(gtm) = g(.o.) Sin@ | H Loawes M imvoriont, = W(ay = 3.’3(."-) = tl‘l

b=
—
1]

= he H. Heuca.JGai(N[M) s a normal M&rmP of Gl N/E

S

Gal (N[F) © Gal (N[#A)

@ The 3,uo~t|’en=6 b GM(N/F)/G'““N/M) =3 G“'L(M/F)

Owmee Gal(N[F) loowes M iwroriowet 4 14 Can also be ulewesl awt:omw'plﬁsm
o0 |M, Bt mang ersions an 4 S9mL. o cxample, V' h € GuLCN/M),
Wwe |hawe i faeu\ h(2) =0, 1€ Cai(”/‘“)-"—){e} We n

Gal (N[m) as the Kevne| anl Comstruct GQsets. oy, ¥ oporative
Gl W/F! )//Gd(NlM) Lohon a*cf‘“f in §,Gal (N[M), we howe

3lh(a) = 3|(¢1) GM.
tue arive at Gal (M/E)

3, Gal(N/m)
g; Gal(N[m)
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X Agw‘n we wse X-2=0 % illushate the above processes

N= QCJZ, w) M= Qw)
| E | £ 1819 |58 (58 SUEREERE
3 \iﬁ Bw|iEa | R iEw\‘in‘ G| || R
wlwlw! vlew! ] wt /.
G = GU(N/m)
V= GUNEN)
¥
C= @U(N[m) = GL(AGEWY Q)
A

g

Q= G (N/1F)= Gat(QCE.w /@ |

| o

Gal (N[M) 2 A fixed,
3\J-;-:r 3\ri"l)dv W\J—U;-wi rotdaty

@ S = Gal(N[F) ofplies on N/F
h}L.QA 93 O\Jﬁ afpeiﬂ-s u M;
iy vebed b §/G=G

T GM(M[&).
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We hove f,& wred out that Gul( F/Q) = (Z/nz)-*, 1.6, all the mﬂfpmj

A0

£ |a primitive wot, which {s an Abelian g, Now adol Va it F,
thea N= F(VR) ol we ask Gal (N[F)=7
b hawe, nwts {b="YG, b, -+ b§!} Huse routs are oatsice
but in N. A magping o € Gul(N/F ) Chonges b—> bs*, thes

G(b)— b$i and G (bgi )= BETD

This Mms (e} l’lth UYO‘-OJ" %C'e,\(. gruwf = . i‘
buwt Wt
' i © G«MF/ ]) = Q?/nz) “"‘fé ‘

{kcmﬂm} )= l




-j’{v)=0 imrariant , hence a Wit W af&» Msf‘vma:twn remams O
oot "f -ftx)=0, 1.€. Tf(ﬂ) = f( Tow) = 0, Mure P-recn'sej-a ’

T = Ui, TW)=Us, - - T('Lln)=uun,‘\
hene T cowespuels % a Fwna.*aiim ameons rovts,

‘Ij{m.t every Permizd'um cmesFmoLs £ an aqu»vahism :tranrﬁm!i‘@“.
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@ A sysbametic method | a
| Flt, - Un)
s f‘"‘%?wmw fielol Fy and Nis tts vt fieldV
G is the Galois goep of §=0. Any Lrans in Tin G Leaves

Bt 1ts nut hecssv
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4‘ Cmsider a Po(jhuw'ai h= h(w,---Un) ahfiw( on F . IJC the
he F, then any Te Gal(N[F) also Loowes h inrcorint If +the

W&TF, then thore must exist an °P““‘*"‘"}Ti“ §al (N[ F), which
T\ he Value Uf I'L, Obher wise the mariont 'pwﬁl; Lecois ECR).
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Example: Galots Wo{ 43| =0, (define om Q)

incg there are only Xy ond Xa, Gal (N/@) is a Subgrrep o S,
stdor X.-—X,,T-JE(;-EX;)I—C{-K‘KZ =J5, and 5 &€ Q, hene thove
Sk be an operatin which changes XXz, This is (L), which

Changes %=X, =¥ X=X -, Hence GA(N/Q)=S,,

l-f we vlew X#3X +| =0 as an egutim olafnml om R then

XX =5 € R. Then anly (|3) Leowes 14 woniast

1ts Gualois growp GWN[R)= S, .
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Exgmple: X¥-3xtl=0 m Q
"’ ® [Jme. ove three YD'DtS Xis2:35 lmznc.z the Galotis g,l'ﬂ“f? (S QS'“Jbg-"‘"UF "f gS.
Cynsidler k:(x.—mcxz—x,)(x, ) By X#7eti=b it can be proves]
A= BF (3 £y = L (0-x) O %r(6-xy = (% Ly @)= -4
i =r1 -qea
2 2 [23
@, GLCN/Q) leowes h imrouonct Onla‘U\ﬂ- (',,_2;) ;’-_:,3, (3::)
2 123 h- —=h.
e h inworiant. But (',53,_ (;2? (1,3 Changes h
(.N/O\) = Ca.
Excm‘)l@. X’=-2=0 m Q
Gl lasThe qu.uww QWBQW'LD

Gl:{E}, G‘-:(E' (: ii)] ‘ 0z, Gy
O IGHITE
@ | nsider o polyromial X, = 37 &€ Q. Thre must be one cperation in

@l (V@) that Changes X, 2 Xa3, honce G ardl Go are ot |
Sim lnxlu G;, Gy Canm

Q| Cngdr  h= -%)06-X05-x) = 643 &Q be.

thore must be one operatin in GL(NQ) Chanpt. b, hance G
t The mb% Pos‘ibilb‘% (s That GJ(N/Q) =G




X Galo's gop o n—ejwdw'ﬁwb‘r Wﬁoﬁﬂm\:ﬁ b
Crsider 0" +0 X" 4+ 4 @aaX 1 0n= O definal m fletl k3|,,e,
womn € K, The sout fied N= K(%, o~ %), Bhom whit’s the suTa

Gt [ N/Kk]=1

%t K= -Q )

:

Z"GX) = Qy (2)

t‘J

3, Xy, - Xig = &'a

'i,[‘ﬂ(i.'_ g

Ni-- An =G 0a (M),

\

O Y 0 € Gl (N/K], Since T(%:) also satisfias the epuation. Hence
T - - OX) must be o permukation asmy nwts, Hence GulLN/k]QSr:
() Oh the other harol, Since the coefficients are general, we Shotol also
Q&,d each wvt i Can be mﬂw(& M&dﬂ\b ot ?ﬁ TIn other teiords,

| oy G € Sn, it obuimsly Laawes all the Symmetiic polynminals. s
i, 1., Q- an iwroriant, Hene O Loowes Kimroriomt,

€ Gt N/K], > GUIN/KI= Sa,
Sa C Gat (M/K])
Qustion: (kg the GULNKT Can be. Smaller [Aepwhenpme:

L ¥

e aJ

Comsl -3%% 2= 0, S %=l %=2 & Q, they T D o
Changed , hence s Galliols grmwp is Brivial. The wot freld is still Q.
—  Theveasen i3 A isa pe»rfwt sguare ,ie. JA € @, In ofher wm,)q,,.
X'4ax +)(@-C)=0, The Galois guupis Zriviad | ho Sghart
Yoot {s needeol !
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Anel also -Fn--ﬁkz e,mw\fle X?-3x+| "—'IO. s
h = (X-¥) (e =% (X3-Xi) € Q, which cannot be dmndml ! Heace
its Galois qroup can owly be Gy but not Sy e

LY

In olher wovds, When we Gmsider Qn e,g,uwtwn with ammi Cueffs’cl'mts,
:I:ﬂn»f put any @lra Comsliaint excapt the Vidta thevvem, Such

oma penm.ctdim 'S In P’ﬂ'ndrle allnveol !
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@ Disorimnat @ Fur an equatin wiaxX' 1. X" 1. Ga=0,

n
[ }
X, X - Xa
n

X:H x;.hl T Xn

define D= T (x3-X;) =
| o

%% Oa, -~ Qn owe given #'s, andk 2 De FK, thea Gal (KOG-X2) [ )

is o 3“53!0“{’ of An, If hot, Uk must Contain an odd Pam:twh'm.
4. 1: It | |x|"'£-|‘ 90 g|"'gl\~|
D K.g"X‘.. \\IX‘L :\: S_l S}." So
R “ Y Gl B s bl
"
gk- Z\Y,;"
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- g addic Case D= Se S \: k L \: 07"4(12.

g\ gl ~Q a:’-lﬂ:

the Cabic oo Gz 4P 477" for X4prtq=0.
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Thebrem : Assume Dt the Jelel T Coilaims all e p-th oroterr
unk nvts (p isa__Pv-n'm.:H). If Nisa p=th wrolor C(t’ol.n’cﬁj&afa\giun u-_ff
F | ten N=F@E) whoe o isant of xP—a=o,w\;ﬁ acF,=o.

Prw'F We deavt 1, S, S, - ¢ as the p-th ovoler unlt wolS,

Goll/F) t5 @ pb oole gplic gmups ={z, 5~ <) TP= e,

Pick up & number O EN, bt 0& F, we {:‘ML s mapping s
S, we), tz(e), P 4 (e), Then we w&miae, them with
powers of the unit fouts, We clefine

Q= B+ $Te) + §T0) +- - Mo ZO po
0, = 6 +§TUe) + e+ - - § e D I :
- ; . "w,.\cq_ 8= — Q
= O +gT0 +§IC@E) 83@") e F Sl ¥
s Bt Loast ma ER-F-

k dp =@+, + Tyt -+ TPO)  oterwice 96— .
A o : (TOZBEE poncdit
Sume 0. = Gt S+ $Ter 4+ +§T (o) & F, doespork

Thea T(Q) = TWe) tSiTie)+-- $¥% 0
2 -1)i _ P- _ o)
= ¢t (g + Sirqe) + §HECLO) - i 0D Q;

'[(,O.;,P)- [Z(a»)] = af .Luu. ap (s lwmmx‘ wdw T.

B GPEF, Huw @isaiwtef xP-azo by sy o]
Wetehe o= @;, then N= E(w).




