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2 Aui'omwFLLis:ﬂ and Galois g,wu/f

Fr a number fiesd F, vj‘ thore exists a mapping oo LtseLf, such 4hat
Vo pe F, teir imges SW) ool (P satisfy

SeO+8(pr= Swr+p), SIS = B,
thon S is an Quot murphi gm mapping |
A Sl Frs all oud mor phism Frassfirmations Form @ §rocpr SAich
is Gllasl Ak mrphism grnp” , denstusl as Ak CF).
D fr @, the only possible awto muvphism operation is the identity mappm

Check S(0) and SU) :  S)+ S(RY= S(p) = S€0)=0
Sy s(p) = Sy = S = |

Basel m Sto)anal SU) , we can prove Vo € Q, we hawe SW)=of,
S A (@)= {e}.

® At (AWT)) — hot fletl of X-2=D,

X —2=0 IS trwowriant  wnolew a.wbomaq;h.l‘sm, hen ce.

SwN=a > SW)=E or -7, S Aa(aR)= S
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X1 Galie gmp: If F has a Swbfield K, the automarphsim  Leary
ivwriarct also farm o §rowp, callesl the Qutormurphism grwp Fan K

Umsloer an e}miim &afmul en F, :FLY):‘ 0. Its mot ﬁeLd e B
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auihmwrkism ﬁ_rewP 0—% N in F is olo,finu( -QS the Galoi’s 3,hm1>
~ ¢ fw=0, denstesl as Gal CNTT),

® |GalN[F) is a Subgrup of Awt(N)= Gl IN/Q), Sine ald operatims
QMMj F iraoriant ol so domres Q inaramiamt

© ¥ u gatisfies an (weslacible eguotim X"+ baa X" - b= 0
m K. Then S(u) also satisfies Hhis egration , i-€. Stuwy 18
o amjgptin o3 .
P""'f: S(-ll"l‘bn-] W 4--bo)= 0 D
(Saw) + b B]™ 4 - by=0. v

0 Examyle Gal tefgr= D,
An ineducible eguakiom o Q: xfax+]=0 > mts £(2 2i)|

[+s mot §ielol Fz Qz, i), Sina Gal (E(ﬁ)/@):?h anel

Gok (F /aci) = 2,, hence ong. 2. map t T <> -
2 5 N2 ~dl2
\Eal(l:/@.)= D,= 29 2. J e 2, maps 4 «>-1,

The Da grmp has s gonoratine 8
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D, is also the symmetey of the wot distribution,

o~ sz‘. Cvment: We cammot map S(R)—>z

otharwise J2-Jz2 =2— 1'=-1 bt Q
Showtsl be map & isetf.
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®)| A wangple o Gl (Fl@) =Dy

Considor the 1wt fietdl of X% 3= 0, Its wtst¥3 #31, Henc,
F= G (43,14). Thea [Q(%B): Q1=4, [Q(E,i): a(m)=
Hwe [F:@l= 8. :

*A number in F can be expressed U= a, + a; + a3 +04q’,f27

+a,@+ad;§i +ariJ§ +tag i
Whave Qinp € Q.

Its Galois group [automovphism groep has o gescralirs

na_e,of?&)
S (SUB=UE g (TR 13 LT
{Sci) = & TC) = -¢ prng,ﬂS w{?.'

CilElay= L E 6.6, 8 .78, 18, 78] f
Sine. awtomml)l\.{sm makes Xt-3=0 iwariant, hence, 1t make S

3 wte 43, 143,

| 455
s, 1431

*4 '\5_
Smy= @ -ol3 -a + G | *“a\y,/‘vs
. Ly

tasi 'l'azmi,"a-(i} 'QQLQJ;Y S Tl

T(w) is obiignS
Edg @il las T Ts
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Cvment :  sine 2=-1 € B, heace S = ijﬂ’—tm—vﬂﬂ—ﬂd;j—

be magped to ti. Also since (45)=3¢Q, hane it's magpal T one oA

4  wots. Henw, we howve 32X §= 8 different mappres, which can

WM 53 R aral T as above.

M axample o Gal(F/Q)= S

Consider the yout fieW N of X’-2= 0, whose rw('.sj pi 22 "’Ew, 3w,
[t5s root S—ie(o( can be sinji; expressed as Q Cr,w), (ommet: WishN
Sinee,. w=t} (N2) (V7 w), And e 7 oml w are incluslesl, the “hree
are awkomatially includesl . )

he (ke morphism  qrop of Q(NZ) {s Trivial Since 7 can only be wjbpeo(
% reseld, [3@5)]33 2 and S(R)isved S SCR)=WZ.
Now cnsider B Galois growp Gl (QCR, ) : Ang ninbeie (n OAZ

com be exPre.ssul as
3 o =-Otw) (& not
Lz Ay * a,_@&-%@

~
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fnplepuwl@nt
t0ded)+ asTRw + AR

We oy negol T Chack the mapping of the geroraties 32 and W,
Since {S(?\E)‘l’ = S2)=2 =y.2fa Camcmlg be WP@L%US;U;W:1

W,

Honco , we have 6 possible mappiny
Bl £ 41 91 _5—-\?’ This is §; « B
L]0 [ |35 R [ B | o Gy gl

(S(w)]j = Sw')= Sw=|, ardl S(w):f:l[ honce W Camm,lg Aehuj’})alﬁoz
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We dondte, the Bvee wuts as |, 2.ansl3, SJ;-“JLZ-)
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s 1123 33 %3, Gl ( QCTE, wi))
F(133)
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e sif ta g G of Ahe wvts,
53-(:“3_ i (32*) -

We con also chack Gal [GCE) /6 1] = {ES Y, Sheawis
Gl [ QCE, w /a%é =4 31, oty thuse maintaing 5 invalant,
Q""‘Ha"’{j eed [ QGR. [ Q(¥7)] = {Es :sz=3f],

Gt [ QGEw [ Q@] = {B5 $3=85) .

This Pmmotwe, com be Swummericol a8

Qw,¥2) =N

Sl ST

Q G«Au/@) I8

35‘-0"33J—‘~0 ’ T‘U >z becomes +he s’ammtc
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® Gd(QO/R) §= e.fh;[, Wwheve P is a prime number

The 1ot freldl oft the (weducible polynmial feo=x"%x" -- - +1

e fid @ ¢s QE). Grsider Ait (), Gl (QD/R ).

W hawe wvts S, - $P Ona cQ) is deforminel, we howe
; {
o) = (06)°, Hene we depine te magping GL(§) = 7, Gelsp

O This is aamh\wph{sm Sihe 0y (§°) = g‘es  and
L3Onod p) Nans over 1, - - p-l as & rwns fom 1, - pl.

@ D‘ﬂm’ﬁi‘ O¢ —Fom Qa F-l-brdu» Cac'ﬂic 3n.muf>

gf,!(a.

61.02.(§) = c&.(gfl) = = 01.41(5),'

th{s s a product grep Oﬂﬂfmﬂl o Z/PLZ excluding Orose
div-i desl [73_ P, densteol as (2/[72)*, R enam\-fle
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10 nis wmposife, io ne g pf 2, than not all of the "L
ovdley unit vovts are at egual flru{mdo For those @, whose powers,

P

sC

<9
{Ld, co", .o } Can yun ovvexr the entire S’eruzswf- {gwng"gn—',l“{,ft‘g‘j
ij oxe Gallesl Pvfm{-t:ve ts, Fm- enan]ole, ){q'zlg xX=-| 1S ot Fﬁn\l"ﬁ
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S {
l S:l. : S‘* gf §6 g? ;8’ g? g[o gu
gg glo g 3 g? Sl 36 gu g‘& g‘i g:. 57 or (Z/hz

2 OLJ When we nap 0"(3)‘& a primitive wit, Such that cr(g{) Cam gone
an MMPMSM # Q).

s gz 53 g4 gs' 6 g7 gs 3.7 io gu

%7 31. g’i g‘t gu SG gl gg g3 S'" gi‘
- gu gto g?l SS g? gg gslgfr 231 gz Sl-

' (~& C,J'Ph'me wth n)
The primitive ks are thuse g‘l,w Ce,ny=1_ The & inth

P =122253, @im= 120-A)U-%) =4,

-_7_1!‘{

The above magpings G, (§)= e"
oul’) = (55)‘

with (4, n) =]

ferm an

\A—Bd.&.m gwwa e Oy (0 (5) = ($° Al =l
8 Sy

heae g"‘(‘ Yemains ph'm{-ﬁm. — R hzi2, it Dy,

p—

Set is deformine by e Euler function,  Qom=n=)p,) (=%).

X=4i ave. Cmsider a omereta exmyle n=|2; .f.m- Pr‘;'m{‘t\'ve. rmft
(5,93
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The (alsis g Gl (Q/Q) = (2/h3)+, Lor a gororal 1,



